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In this work, an algorithm for the optimization of costly constrained systems is introduced. The proposed method com-
bines advantages of global- and local-search algorithms with new concepts of feasibility space mapping, within a frame-
work that aims to find global solutions with minimum sampling. A global search is initially performed, during which
kriging surrogate models of the objective and the feasible region are developed. A novel search criterion for locating
feasibility boundaries is introduced, which does not require any assumptions regarding the convexity and nonlinearity
of the feasible space. Finally, local search is performed starting from multiple locations identified by clustering of previ-
ously obtained samples. The performance of the proposed approach is evaluated through both benchmark examples and
a case study from the pharmaceutical industry. A comparison of the method with commercially available software
reveals that the proposed method has a competitive performance in terms of sampling requirements and quality of solu-
tion. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 2462–2474, 2014
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Introduction

Simulation-based derivative-free optimization (DFO)
methods aim at solving problems where analytic derivatives
of the objective function are lacking, while the results are
obtained by complex simulations.1,2 Examples of simulators
used to approximate, design, and optimize real systems come
from many different engineering fields and can range from
complex computational fluid dynamic models, large systems
of nonlinear partial differential equation systems, mechanical
engineering design, and molecular geometry design prob-
lems, to large-scale integrated flow sheet models.2–15 During
the recent years, the need to develop predictive models for
complex processes enabled by advances in computational
and mathematical capabilities has led to the growth of a
detailed complex systems, which require significant compu-
tational cost. However, increase in the complexity and fidel-
ity of a simulation is associated with the inability for use in
optimization—which requires a significant amount of func-
tion calls—and restricts such simulations to qualitative
assessment tools. Specifically, deterministic optimization
solvers cannot be directly applied due to the lack of analytic
derivatives and the high computational cost which prohibits
the realization of multiple function evaluations for the
approximation of derivatives. DFO methods have attracted a
lot of interest in the literature, leading to a variety of meth-
ods which can be classified into subcategories based on the

use or not of surrogate approximations (direct search vs.
model-based), their sampling search strategy (local vs. global
search), their ability to handle stochastic effects, and finally,
their ability to handle constraints.1,16 However, there are still
many opportunities for advancement in this field, as the
majority of the developed methods for DFO aim to solve
deterministic bound constrained problems, or constrained
problems with known closed-form equations for the
constraints.16

Motivated by our recent work on optimization of solids-

based flow sheet models for the production of pharmaceuti-

cal tablets,11 this work introduces a simulation-based optimi-

zation method which uses surrogate approximations of the

objective function and the feasibility function of the prob-

lem, while having the ability to take into account the sto-

chastic effects introduced by the uncertainty of the original

model. The methodology which is introduced in this work is

applicable to problems which can be represented by Problem

(1), where f(x) represents the objective function which

depends on an expensive simulation model, while its depend-

ency on the set of inputs variables x 2 Rn is not known in

closed form. The bounds of the input variables, xlo
i ; xup

i

� �
,

form the bound-constrained region within which the optimi-

zation and the sampling will be performed. Numerical upper

and lower bounds on all of the independent variables are

required in order to perform the initial sampling and proceed

with the model-building and optimization stages. In cases

where certain variable bounds are not known or trivial, it is

important to assume reasonable bounds, bearing in mind that

the final identified optimum will lie within these bounds.

Moreover, the problem has a set of U constraints gu(x) which
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are also dependent on an expensive simulation model, thus

their mathematical expression is not known analytically.

Finally, the problem may also have a set of K constraints

gk(x), whose form is given, which further limit the feasible

space of the problem

min
x

f ðxÞ

s:t :gkðxÞ � 0 8k 2 1; . . . ;Kf g

guðxÞ � 0 8u 2 1; . . . ;Uf g
xlo

i � xi � xup
i i51; . . . ; n

(1)

Even though different methodologies have been developed
for various applications, the basic steps for performing
surrogate-based optimization are common. The first step
involves the design of a computer experiment in order to
collect a set of sample points and develop a surrogate model
to describe the process. Computationally expensive computer
codes cannot be used for optimization, thus the main purpose
of this step is to acquire the necessary data to fit a computa-
tionally cheaper predictor to the obtained data. Subsequently,
optimization is performed based on the surrogate approxima-
tion model, while additional sampling locations are identified
in the areas which have promising objective function values,
or are highly uncertain based on a specific figure of merit.
Finally, the expensive computer model is simulated for these
new sampling design points, then the surrogate model is
updated and a new optimum can be identified. This proce-
dure is performed iteratively until the surrogate model does
not change significantly and consequently the optimum is
acquired with sufficient accuracy. The challenges which
emerge during the performance of the above steps which this
work addresses are: (a) the selection of the design points
which are used to build and update the surrogate models, (b)
the assurance of convergence to an actual local solution of
the original black-box model, (c) the handling of general
nonlinear constraints which have an unknown form and may
lead to feasible regions with nonconvex, or even disjoint
forms, and (d) the use of noninterpolating models which
alleviate the effect of noisy computational data and allow
the performance of targeted sampling under uncertainty. The
novel aspects which are introduced in this work include the
combination of an initial global search coupled with feasibil-
ity mapping approach, which initially identify promising and
feasible regions, followed by a local trust region approach at
the final stages of the algorithm which aims to guarantee

convergence to a locally optimal solution. One of the most

significant contributions of this work is the incorporation of

black-box feasibility concepts and the tailoring of a novel

expected improvement (EI) criterion for feasibility mapping.

To our knowledge, EI concepts have not been used in prior

work for locating feasibility boundaries. In addition, the abil-

ity of the algorithm to focus within multiple trust regions of

the space identified by clustering techniques increases the

probability of locating the globally optimal solution of the

problem.
The remaining article is organized as follows. In the Moti-

vating Example and Literature Review Section derivative-
free methods which have been extended to handle constraints
are discussed, following a description of the motivating
example of a continuous pharmaceutical plant flow sheet
which highlights the characteristics of the possible applica-
tions of this work. Following, the Section of Methodology

for Derivative-Free Optimization of Constrained Black-Box
Models is a detailed description of the methodology, whereas
Performance on constrained benchmark problems Section
contains results of the method for benchmark problems in
constrained global optimization. In this section, the perform-
ance of the method is compared to the performance of com-
mercially available solvers. The results of the method for the
motivating case study are presented in the next Section of
Performance on continuous pharmaceutical manufacturing
case study. Finally, a discussion of the work and future goals
are provided in Conclusions and Future Perspectives Section.

Motivating Example and Literature Review

Simulation and optimization of continuous
pharmaceutical manufacturing

In a recent publication, the importance of simulating the
operation of processing of pharmaceutical powders for the
production of tables is described in great detail.17 However,
the expensive computer simulation for this application is a
flow sheet simulation model, which is far more complex and
expensive than common fluid-based flow sheet simulations,
including models for powder feeders, mixers, hoppers, and a
tablet press. The types of models used within this integrated
simulation are delay and partial differential equations, popu-
lation balance models, and nonlinear algebraic correlations
for powder properties. Moreover, the increased variability
which powders introduce to the processes is captured by the
simulation as the inlet properties of the material are drawn
from their known distributions. This implies that the output
of the flow sheet simulation may lead to slightly different
results under the same operating conditions. To estimate the
operating cost of the production of a certain amount of tab-
lets [objective f(x) in Problem (1)], a dynamic simulation
over the necessary time frame needs to be performed, which
requires significant computational time.11 Six of the input
variables are identified as the ones with the most significant
effects on the final production cost and those involve: the
total powder throughput, the mixer rotation rate, the powder
hopper refill frequency, the volume of hoppers and the
mixer, and the tablet press compression force. In addition,
there is a set of constraints that must be satisfied regarding
the final properties of the tablets, such as the porosity, hard-
ness, and composition of the tablets that must be within spe-
cific bounds, and the total number of produced tablets,
which must satisfy a lower bound [unknown constraints
gu(x) in Problem (1)]. However, the challenge of this prob-
lem is that the values of the objective and the constraints are
dependent on the same set of input variables and are corre-
lated with the outputs, as well as with each other, through
the same expensive dynamic simulation. For example, the
operating conditions may affect the quality of the produced
tablets, leading to violation of the black-box constraints, and
discarding of produced off-spec tablets, which finally affects
the total number of produced tablets. To optimize this sys-
tem, traditional deterministic optimization methods cannot
be applied due to the computational cost of the simulation
and the fact that as the functions are not known in analytical
form the model has to be treated as a black-box. In addition,
the stochastic nature of the simulation implies that the entire
procedure must rely on noisy input-output data, which is a
common reason for failure of derivative-based methods. The
above has been the motivation for the development of a
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methodology for black-box systems with black-box compli-
cating feasible regions, which cannot be efficiently handled
by methods found in the literature so far.

Review of DFO methods and constrained DFO

Early DFO methods were based on direct and local search,
using only values of the underlying model at a set of design
points within a small trust region of the input variable
space.18–21 A comprehensive review of this category of DFO
methods and their implementations can be found in Rios and
Sahinidis16 and the first book of DFO by Conn et al.1 Local
DFO methods have been studied extensively in terms of per-
formance and convergence properties and have several
advantages and disadvantages. Specifically, in terms of con-
vergence, there have been many theoretical studies for local
trust-region DFO methods, where a set of updating rules of
the trust region guarantee convergence to local optima when
the size of the trust region is sufficiently small.1,22 However,
these methods suffer from the same limitations of determin-
istic local optimization methods, namely the high depend-
ence on the initial point and the entrapment within the
closest to the initial point local optimum.1,23 To increase the
probability for convergence to the global optimum, multistart
approaches are proposed, which is not efficient in cases
where the model of interest is computationally expensive.16

Local-search methods have also been extended to con-
strained using various methods such as filter approaches and
penalty or barrier methods.24–28 Another significant contribu-
tion in the local-search DFO literature is the work of Gomez
et al. which uses linear interpolation for both the objective
and constraints (COBYLA algorithm).29 Due to the nature of
the linear interpolation, the performance of this method is
expected to be slow and unreliable in cases where the objec-
tive or constraints are highly nonlinear. The advantages of
the use of surrogate models in the DFO literature were later
realized,1 and have lead to a series of methods using this
strategy.2,8,30–44 Specifically, the use of a smooth surrogate
model allows the interpolation between existing samples
which has been shown to reduce sampling, while at the same
time it enables the use of deterministic global optimization
methods to optimize the surrogate functions. At the same
time, the transition from local-search to global-search meth-
ods was introduced by Jones et al.,40 with the development
of the efficient global optimization (EGO) method which
uses surrogate models to approximate the black-box model
in the entire input variable space. In this case, searching the
entire feasible region is important as all regions are explored
and this reduces the possibility of convergence to a local
optimum.40 The major disadvantage of global-search meth-
ods is the fact that they cannot guarantee convergence to
even a stationary point, as their convergence properties is
based on the theorem of Torn and Zilinskas45 which states
that any algorithm may converge to a global optimum of a
continuous function within a compact set if “its sequence of
iterates is everywhere dense” within the compact set. Most
of the developed algorithms in this field guarantee that in the
limit, the algorithm will eventually sample all the unexplored
regions of the investigated input space.2,13,38,40,46 The key in
these types of algorithms is the derivation of search criteria
which will reach good solutions faster, by identifying prom-
ising regions while retaining a balance between local and
global search in order to avoid getting trapped in suboptimal
regions. Even though global-search methods have gained

great popularity for optimizing expensive models for which
the most important goal is to reach to good solutions with a
limited number of function calls, it is true that there is no
guarantee that the final optimum may even be a stationary
point.39,40

In the global-search optimization literature, the popular
method of Jones et al.40 which was originally developed for
unconstrained problems, has been extended to constrained
using various methods. Sasena et al. tested different methods
for constraining the EI function47 using probability of con-
straint satisfaction, extreme barrier and treatment of each con-
straint using individual surrogate functions. Recently, Parr
et al. tested different scenarios of handling constraints using
multiobjective optimization which were tested on several
problems with few variables and constraints.48 In one of the
most recent publications,42 the authors use multiple radial
basis functions to approximate the underlying objective func-
tion and constraints and perform a comparison of their pro-
posed methodology with various commercially available
solvers, proving that no single method can outperform the rest
for a wide variety of problems.

Black-box feasibility

Optimal process design under uncertainty was defined as a
rigorous formulation in the 1980s,49 where the effects of
parameters that contain considerable uncertainty on the opti-
mality and feasibility of a chemical plant were studied.50–53

The objective of these problems was to identify the extent of
the feasibility of a process under uncertain conditions. This
was achieved by identifying a measure of the size of the fea-
sible region of operation, within which all the constraints of
Problem (1) are satisfied. The feasibility function is defined
in Problem (2), where for each combination of the input var-
iables, the feasibility function u is defined as the minimum
constraint violation of the set of constraints U1K of the
original Problem (1)

wðxÞ5min
x

u

s:t:

gkðxÞ � u

guðxÞ � u

xlo
i � xi � xup

i i51; . . . ; n

(2)

More recently, the concept of feasibility has been
extended to problem involving black-box constraints.54–57

This approach has shown to be particularly beneficial since
it does not require any assumptions regarding the form of
the underlying feasible region. However, the method is
dependent upon the collected samples, which should be col-
lected in regions that provide maximum information about
the location of the boundaries. Specifically, boundaries can
be regarded as the points for which the value of the feasibil-
ity function u is equal to zero, whereas all feasible regions
are characterized by negative feasibility function values and
nonfeasible regions should be described by positive feasibil-
ity function. In this work, black-box feasibility concepts will
be used to limit the optimization within the feasible region.

Kriging as a surrogate for optimization

One of the important aspects of surrogate-based DFO
methods is the selection of the response surface method
which will be used to approximate the expensive model. In
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this work, the method of kriging is used in any part of the
method which requires the fitting of a correlation between a
set of input-output data. Kriging was first developed as an
inverse distance weighting method to describe the spatial
distribution of mineral deposits.58 Kriging was introduced to
the optimization literature by Sacks et al.,43 where the mod-
el’s ability to identify high-uncertainty regions was proven
to be a compelling feature for the identification a diverse set
of promising new samples. In addition to this, the interpolat-
ing abilities of kriging with a relatively low number of
parameters, has made kriging very popular to a specific
range of problems which depend on deterministic computer
data. Based on the kriging methodology, a new unsampled
point f ðxnewÞ, is a weighted function of the values or nearby
samples, where the weights are dependent on the relative
spatial location between the sampled points and xnew. More-
over, the kriging variance provides information about regions
where subsequent sampling is required, and that is the key
component of kriging that has been exploited in global opti-
mization methods.2,39,58 Another advantage of using kriging
which is discussed in detail in Ref. 11, is its ability to retain
the ability to model highly nonlinear systems which depend
on noisy input-output data. To achieve this, kriging becomes
a noninterpolating method by the introduction of the nugget
effect parameter which controls the smoothing ability of
kriging.58 Moreover, the use of kriging as a surrogate
response, enables the use of the kriging-based search crite-
rion of Jones et al.,40 namely the EI function, which is a
closed form expression of the probability of any unsampled
xnew to have an improved objective function or high
uncertainty.

All of the above advantages have increased the popularity
of kriging, which can be considered as a benchmark in
surrogate-based optimization and reduced-order modeling,
and this is one of the reasons why it has been used in this
work. Throughout this work, kriging is used as a surrogate
function of both the black-box objective as well as the
black-box feasibility function, whereas the EI function and
its variations are used for the identification of new samples
in both deterministic and stochastic case studies.

Based on all of the aspects mentioned earlier, a combina-
tion of global and local methods is proposed in this work,
aiming to take advantage of global search for initially limit-
ing the search space, and a local trust-region framework in
order to ensure convergence to first-order optimal solutions.
A similar concept has been previously explored by our group
through the use of initial Kriging global models which were
combined with local quadratic models for bound constrained
black-box problems.32–34 Moreover, the exploration of the
applicability of black-box feasibility concepts54–57 within
this surrogate-based optimization framework is found to be
particularly efficient for problems with multiple unknown
constraints, as it is a way to combine all of the constraints
into one single surrogate model. A detailed description of
the proposed methodology is given in the following section.

Methodology for DFO of Constrained
Black-Box Models

The developed methodology is based on the work
described in Ref. 11, which has been enhanced here by a rig-
orous and sophisticated feasibility search criterion which is
used during the feasibility search stage. A summary of the

steps of the methodology will be provided here, followed by
a series of subsections focusing on the details of each stage.
In Figure 1, the overview of the steps of the algorithm is
depicted. In summary, an initial set of samples carefully
designed within the bound constrained region of the problem
are collected, providing input-output data for the objective
and each of the constraints as a function of the input varia-
bles. Based on this data, a surrogate model is developed for
the objective as a function of the input variables, which aims
to approximate f(x) (Problem 1). Based on the nature of the
possible applications of this work, every function call to the
expensive simulation provides both the true value of the
objective function as well as the values of the set of con-
straints of the problem. Subsequently, the set of constraints
are grouped into one single value, namely the feasibility
function value which represents the maximum feasibility vio-
lation, and a second surrogate model is developed for the
feasibility function usurr(x) (Problem 2). During the feasibil-
ity stage which follows, a set of new samples are selected
for updating of mainly the feasibility surrogate model, by
using a novel search criterion which aims to locate feasibil-
ity boundaries. This stage ends once an accurate approxima-
tion of the feasible space is attained, and this is represented
by the continuous function usurr(x). It should be mentioned
that during any function call performed throughout the feasi-
bility stage, the kriging model of the objective function is
also updated [fsurr(x)]. At this point, an accurate representa-
tion of the feasible region is available through a single krig-
ing model of function u, and it is now required to search for

Figure 1. Steps of proposed optimization algorithm for
simulation-based optimization.
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optimal solutions by solving a surrogate constrained model
of form (3)

min
x

fsurr ðxÞ

s:t: gkðxÞ � 0 8k 2 1; . . . ; kf g

usurr ðxÞ � 0

xlo
i � xi � xup

i i51; . . . ; n

(3)

Following, the global search may continue, by maximizing
the original EI function in an iterative fashion, subject to the
constraint defined by the feasibility function (Problem 4).
During this stage, new samples are collected in promising
feasible regions and all of the surrogate models are updated
iteratively. However, this step is optional, because the algo-
rithm can advance directly to a local search after the feasi-
bility stage has been completed

max
x

EI ðxÞ

s:t: gkðxÞ � 08k 2 1; . . . ; kf g

usurr ðxÞ � 0

xlo
i � xi � xup

i i51; . . . ; n

(4)

To proceed to a local search, the initial trust region centers
must be determined. For this purpose, the collected samples
which are feasible and have promising objective function val-
ues are analyzed and clustered based on their spatial location
using k-means clustering. For the total number of identified
clusters, the cluster centers are used as initial points to the
local search which follows until convergence.

Kriging and EI function

To build a kriging model, a number of sampling points
must be collected (N) based on the chosen experimental
design procedure. The sample data forms the input matrix
X5 xð1Þ; xð2Þ; ::; xðNÞ
� �T

, where each xðiÞ vector has n ele-
ments, equal to the number of inputs. The observed
responses are denoted as y5½yð1Þ; yð2Þ; ::; yðmÞ�T , where m is
the set of outputs which is equal to two in this proposed
methodology (objective and feasibility function). The method
of kriging is well documented in the literature, and many
different basis functions may be selected to model the corre-
lation between the output of the samples as a function of
their spatial location, however, in this work, the form of Eq.
5 is used in all cases. Based on Eq. 5, an exponential corre-
lation is assumed between the correlation of two outputs
(modeled by the error between them e) and their Euclidean
distance in the x-space, while parameters hl are estimated
based on the sampling data and they capture the extent of a
sample point’s influence with distance

cor eðxðiÞÞ; eðxðjÞÞ
h i

5 exp 2
Xn

l51

hl

����xðiÞl 2x
ðjÞ
l

����
2

 !
(5)

This form of basis function has the desired characteristic that
when the distance between two points is almost zero, their cor-
relation is close to 1, since their values should be very similar.
Conversely, their correlation is close to zero when their distance
increases. To predict a new point using an already existing krig-
ing model, it is now required to maximize the likelihood of the
sample data and the prediction, assuming the correlation param-
eters are sufficient to describe the behavior of the new point.

Using the powerful correlation of Eq. 5, the kriging predictor
may be written as Eq. 6, as it is shown that a mean response is
sufficient to model highly nonlinear functions

ŷðxðnew ÞÞ5û1eðxÞ (6)

Solving for the parameters of kriging provides a mean pre-
diction l̂ and a kriging variance s for any unsampled point
within the investigated space. Taking advantage of the kriging
error s, in Ref. 40, a figure of merit that directs the search for a
global minimum is introduced, namely the EI function. Based
on this criterion, the next sampling point that is chosen, is the
one that has the highest EI. To obtain the EI, the expected
value of the following expression is calculated

E IðxÞ½ �5E max ðymin 2y; 0Þ½ �5 ymin 2yð ÞU ymin 2y

s

� �
1s/

ymin 2y

s

� � (7)

where fmin is the current optimal (minimum) value based on
the model at the current iteration, and Y is the predicted
value by the Kriging model, U represents the distribution
function, and u the standard normal density. In simple terms,
this equation identifies either a region that has the largest
possible expected difference to the current optimum or a
region that has a high uncertainty of prediction. This adapt-
ive sampling concept has been proven to be very successful
in identifying promising locations for sampling, but also
sampling globally within the entire investigated space. In the
developed approach, the EI criterion is maximized subject to
a constraint which will be defined in the next section, in
order to identify the next sampling location.

Special attention must be given in the case where the input-
output data from the simulation model is expected to be noisy
or stochastic. Specifically, as described in Refs. 2,11,59, one
additional parameter (nugget effect parameter w) must be
tuned to control the smoothing extent of kriging. This aspect
of the method is extremely important, as it will be shown from
the results that the smoothing abilities of kriging as a predictor
help the overall performance of the algorithm, when noisy
data is available. The mathematical description of the effect of
the nugget parameter is shown in Eq. 8, where the correlation
between two points as their spatial distance goes to zero is no
longer equal to one, but it may be perturbed by the nugget
parameter. The nugget effect may be constant throughout the
entire input space, or based on the recent work of Ref. 59, the
nugget parameter may be a function of spatial location, w(x)

jxðiÞ2xðjÞj ! 0) cor eðxðiÞÞ; eðxðjÞÞ
h i

511w (8)

Moreover, modified stochastic search criteria have been
investigated in the literature36,44 for noisy data, however,
these are not used in this work. In other words, in the pres-
ence of noise, the only adjustment to the algorithmic param-
eters is the activation of the nugget effect in both the kriging
models of the objective and the feasibility function in order
to achieve a level of smoothing of the noisy data.

Black-box feasibility and feasibility EI

As shown in Figure 1, after the initial blind global sampling,
the feasibility stage follows. During this stage, the objective is
the collection of the minimal set of samples for the accurate
representation of the feasible region boundaries. This is
achieved by the collection of new samples to refine the formed
feasibility kriging model. However, when an expensive
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simulation is performed, the value of the objective function
also becomes available for these locations, thus the updating
of the objective function kriging model can be performed at no
additional computational cost. The challenge of this stage is
the identification of the location of the samples, which will
provide good information about the feasibility. In our first
attempt to develop an adaptive sampling methodology,57 we
proposed identifying next promising samples by comparing all
pairs of the existing samples and identifying directions
between points which have a negative product, since this signi-
fies the change in feasibility from negative to positive between
these two points. Following this approach, the next sample is
located in the midpoint between the distance of the two points
with a negative product. Further details of this method and
results can be found in Ref. 57. However, the disadvantage of
this approach is that it does not provide information regarding
the actual spatial location of the change in sign which signifies
the location of a boundary. This may lead to increased sam-
pling requirements, which should be minimized further in
order to avoid performing unnecessary expensive simulations.
In addition, this approach does not take into account the uncer-
tainty of prediction, which is given when using kriging as a
surrogate model.

For this reason, and following the concept of formulating
an EI criterion, we have designed a specialized EI function
(EIfeas) (Eq. 9), which aims to balance the sampling between
regions which have not been sampled enough (high uncer-
tainty) and regions which the probability of the predicted
response to be equal to zero is maximized

Efeas IðxÞ½ �5Efeas max ð02UÞ; 0f g52UU
2U

su

� �
1su/

2U

su

� �
(9)

where U is the predicted kriging response and su is the kriging
predicted error for the feasibility function. The first term of
Eq. 9 represents the probability of U to be less than zero,
whereas the second term represents the probability of U to be
equal to zero. In other words, when EIfeas is maximized due to
a large value of the first term, this will have identified a point
with predicted negative feasibility value (inside the feasible
region), while if it is maximized due to a higher second term,
this will mean that a point with a value close to zero (on a
boundary) or a high su value has been located. Equation 9 is
the complete form of the modified EIfeas criterion for feasibil-
ity, which can be modified to balance the two search criteria
based on the needs of each case and especially based on the
complexity of the feasible region. Specifically, using this crite-
rion to locate next sampling points, it is found that the search
is directed mostly to the center of the feasible region. This is
due to the fact that the fist term is very dominant, and the sam-
pling is directed to points with the most negative predicted fea-
sibility value. Consequently, in all the applications of this
work the first term is eliminated, in order to account for points
with either high uncertainty or a predicted value close to zero.
Using this approach, the search is directed mostly on bounda-
ries and once any new point is sampled, the Kriging response
surface is updated. As a consequence, when the Kriging model
is updated, the uncertainty (su) in the vicinity of the sampled
point will decrease, thus the algorithm will avoid sampling in
points which are close to each other, which is another advant-
age of the adaptive sampling strategy. The explicit form of the
modified EIfeas function with only the second term can be
derived as

Efea IðxÞ½ �5su �
1ffiffiffiffiffiffi
2p
p
� �

exp 20:5 � U2

su

� �� �
(10)

This approach shares the convergence characteristics of
the EI type methods, which state that at infinite number of
samples, the method will have sampled the desired region
densely.40,60 In addition, it should be mentioned that the
ability of kriging to provide error s and its incorporation into
the sampling criterion is very important, because the algo-
rithm chooses samples which are on the boundary and far
away from each other at the same time during the initial iter-
ations. This leads to a drastic improvement of the predicted
feasibility space using few number of samples. However, it
is not desired to oversample the space, as our initial goal is
in fact to minimize sampling. Thus, an efficient stopping cri-
terion needs to be formulated. Three criteria are used to ter-
minate the sampling: (a) a maximum number of function
calls, (b) an average error between the predicted feasibility
space of the previous iteration and the current, or (c) a toler-
ance on the absolute value of EIfeas. If any of these three cri-
teria are met, the algorithm ends the feasibility stage and
continues to the following steps of the method. The steps of
the feasibility mapping stage are shown in Figure 2. The
main problem which is solved during the feasibility stage is
the maximization of the EIfeas criterion within a bound con-
strained region, or a region constrained by the known con-
straints K (Problem 11). Any global optimization algorithm
can be used to solve Problem 11, since EIfeas is known in
closed form and it is cheap to evaluate. It is expected for
this function to have multiple local optima, because any
point on a feasibility boundary constitutes a solution, thus a
multistart approach is suggested to optimize Problem 11.
The main reason for the aggregation of all of the constraints
into one function is the use of the formulated EI criterion,
which requires one input function. The main advantage of
this sample-based search methodology is the fact that the EI
criterion can efficiently locate boundary regions of the aggre-
gated feasible space through the non-negativity of one single
value. Another advantage of aggregation is the computa-
tional cost savings by solving only one parameter estimation
problem as opposed to multiple nonlinear optimization prob-
lems, each for each black-box constraint

max
x

EIfeasðxÞ

s:t: gkðxÞ � 0 8k 2 1; . . . ;Kf g

xlo
i � xi � xup

i i51; . . . ; n

(11)

Figure 2. Adaptive sampling methodology for black-
box feasibility analysis.
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Clustering and local trust region search

As previously mentioned, even though global-search strat-
egies have the advantage of identifying promising sampling
locations faster, their convergence properties cannot guaran-
tee that the method will converge to a point which satisfies
optimality conditions. However, the theory of local-search
DFO methods, overcomes this issue as guarantee to first-
and second-order optimal points is achieved using a mecha-
nism to drive the search space size to zero. Specifically, it
can be proven that as the step size of the trust region
decreases when a descent direction is not found, then the
algorithm will converge to a stationary point where the trust
region size is very small.1 For this mechanism to work, it is
required to ensure that the accuracy of the surrogate model
is good within the trust region, or in other words, ensure that
a descent direction is not found because it really does not
exist and not because of the model error.

The question which arises at this point is how to use the
already collected points from the previous stages of global
sampling and feasibility in order to zoom into promising
smaller trust regions. This is achieved by collecting all of
the simulated design points and ranking them in terms of
their objective function value and feasibility. Subsequently,
cluster analysis is performed to identify possible clusters of
warm-start initial points. If more than one cluster is identi-
fied, then the cluster centers are chosen as initial points for
the transition to the next stage of local sampling. This
approach aims to minimize the decrease the sampling cost of
random multistart methods, which choose random initial val-
ues in order to increase the probability of locating a global
optimum. It should be noted that a new kriging model is
recalibrated every time a new unique point is added to the
sample set. Once the starting points of the local optimization
are selected, the following rules govern the implementation
of the final stage of the proposed methodology, based on the
work described in Ref. 1:

1. An initial trust region size is chosen and the location of
the possible next samples are calculated based on a positive
basis (2n points). The current iteration kriging models
(usurr,fsurr) are used to predict the value of these points, in
order to rank them in terms of their predicted objective value
and feasibility. In this ranking, feasible points have priority
and they are sorted in terms of their objective function. Any
possible infeasible points which follow are ranked based on
their feasibility function.

2. Function calls are made to the original model in order

to collect the true value of the objective and feasibility fol-

lowing the ranking of the previous step. If at any point an

improved and feasible point is obtained, then the search is

designated as successful and no further search is performed

around this iterate. The new improved sample now becomes

the center point of the next trust region. If the predicted

value for this point is accurate compared to the true result,

then the poll size is increased. If not, then the trust region

size remains as is.
3. If the entire set of positive basis points around a center

point are calculated and no improved solution is obtained,
the current kriging model is used to optimize the function
within the current trust region, subject to the constraint of
negative or zero feasibility (Problem 3). If such a point is
found, then the search is considered successful and the new
point is used as the next center point. The real function is
called for this location and if the prediction to the actual

point is found to be accurate, then the trust region size is
increased. Otherwise, it remains the same.

4. If no improvement in the objective function is obtained
after the optimization of the local kriging model, then the
trust region size is decreased.

5. If at any iteration no feasible points design points are
found, then a new problem (Problem 12) is solved in order
to move toward negative feasibility. This feasibility step is
not commonly encountered, as an accurate representation of
the feasible region has been obtained during the feasibility
stage

min
x

usurr ðxÞ

s:t :gkðxÞ � 0 8k 2 1; . . . ;Kf g

x 2 trust region

(12)

The procedure described earlier continues as long as the
size of the trust region is larger than a small tolerance value.
As all of the aspects of the original trust-region mechanisms
are followed here, it is proven that the decrease in the size
of the trust region is associated with the drive to the gradient
to zero value.

Finally, it should be mentioned that between the feasibility
stage and the local optimization stage, additional global
search may be performed based on a constrained EI
approach (Problem 11), in order to collect a few more prom-
ising samples which will be used to identify better initial
locations for the local optimization. This optional stage may
be a user defined option, based on the minimal sampling
requirements and the quality of the obtained samples at the
end of the feasibility stage. In most cases, the samples which
are collected during the feasibility stage will have provided
additional insight on the objective function. In the special
case that the optimal solution is expected to be on the
boundary of the feasible region, then the collected samples
during the feasibility stage will be sufficient for the continu-
ation to the local optimization.

Results

To illustrate the performance of the algorithm, a collection
of benchmark examples for constrained global optimization
are selected from the literature. The first three examples
have two dimensions, so that a graphical representation of
the progress of feasibility and local search can be illustrated.
The following examples have a higher dimensionality and
the performance of the proposed method is tested and com-
pared with two commercially available solvers for con-
strained costly optimization, NOMAD22,24,61–63 and
TOMLAB CGO.64 The performance of the fmincon solver
of MATLAB is also reported here, in order to show the sig-
nificant effect of noise on a typical derivative-based solver.
In all the presented examples, noise is added to the obtained
output data, as the original purpose of this work is to solve
noisy black-box models. Finally, the proposed method is
used to solve the motivating example described in Motivat-
ing Example and Literature Review Section.

Performance on constrained benchmark problems

Constrained Sasena Function. The first problem is taken
from the literature47 and it contains two input variables, two
nonlinear constraints and one linear constraint (Problem 13)
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min f ðxÞ52ðx121Þ22ðx220:5Þ21e

s:t:

g1ðxÞ5ðx123Þ21ðx212Þ2e2x7
2 2121e � 0

g2ðxÞ510x11x2271e � 0

g3ðxÞ5ðx120:5Þ21ðx220:5Þ220:21e � 0

0 � xi � 1 i51; 2

e5uniform ð20:01; 0:01Þ

(13)

This problem is particularly interesting since the determinis-
tic problem has two local solutions, one of which is a global
solution xglob 5 [0.2017,0.8332], which lies on two of the con-
straints of the problem g1 and g3. Figure 3a depicts the contour
surface of the feasibility problem formed by the three con-
straints of Problem 13. The black points in Figure 3a corre-
spond to the initial samples based on a 20 point Latin
Hypercube Design (LHD), whereas the red data points corre-
spond to the points collected during the feasibility stage (42).
It is clear that the feasibility criterion of Problem 11 success-
fully identifies boundaries of the feasible region resulting to an
accurate representation of the feasible space. The average error
of prediction of feasibility function u over a fine grid of points
is only 4%. Based on the models formed at the end of the fea-
sibility stage, the feasible pool of samples is identified (Figure
3b), and k-means clustering identifies two clusters. Subse-
quently, the local trust region approach is initiated at the above
cluster centers and is performed until convergence. The col-
lected samples during the local-search stage are shown in Fig-
ure 3b. It is observed that they are focused around the feasible
spaces; however, it is also observed that several samples which
are infeasible are collected during the trust-region framework.
This can be explained based on the fact that the solutions are

located on the boundary of the feasible space. A total number
of 319 points are collected and the algorithm locates the actual
optimum with an average error of 4% in the objective value.

Constrained Branin Function. The second problem is a
problem developed in order to test the proposed method (Prob-
lem 14). The problem involves the Branin function as the
objective, which has been used as a benchmark problem for
unconstrained global optimization and a nonlinear constraint
which excludes one of the three global optima of the Branin
function. This example is thus suitable to test the developed
methodology, in terms of performance and its ability to locate
multiple solutions through the clustering stage. The developed
approach is shown to successfully identify both global solu-
tions. This is shown in Figure 4, where the predicted feasible
region is shown in plot (a) along with the collected samples
during the feasibility stage. Based on these few samples, the
feasible space is predicted with 0% error and two clusters are
identified which initiate the local-search in two regions. Both
global optima (Table 1) are located with 0.01% error after a
total number of 138 function calls

min
x1;x2

aðx22bx2
11cx12dÞ21hð12eÞcos x11h1e

s:t:

x1ð12x2Þ2x2 � 0

25 � x1 � 10

0 � x2 � 15

e5uniform ð20:01; 0:01Þ

a51; b55:1=4p2; c55=p; d56; h510; e51=8p

(14)

New Branin Function. This test problem (Problem 15) is
taken from the literature,47 and it involves the Branin

Figure 3. (a) Contour of predicted feasible region, initial LHD samples (black), and samples collected during feasi-
bility stage (red), (b) contour of predicted objective, feasible region bounds (black), predicted feasible
points (green), and collected samples during local trust-region framework.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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function as a constraint, while the objective function is a
simpler quadratic model. Comparison of the performance of
the method for this problem when compared to the perform-
ance for the constrained Branin problem can reveal the abil-
ity of the method to handle not only complex objectives, but
also complex feasible regions. In fact, the feasible region for
this problem is composed of three disjoint regions (Figure 5)

min f ðxÞ52 x1210ð Þ22 x2215ð Þ21e

s:t :

a x22bx2
11cx12d


 �2
1h 12ffð Þ cos x1251h1e � 0

xlo 5 25; 0½ �

xup 5 10; 15½ �

e5uniform ð20:01; 0:01Þ

where :

a51; b5
5:1

4p2
; c5

5

p
; d56; h510; ff 5

1

8p

(15)

As seen in Figure 5a, the feasibility criterion identifies samples
which are located around the boundaries of the three disjoint
regions. The accuracy of the predicted feasibility function at the
end of the feasibility stage is verified in Figure 5b, where the
green points all lie within the feasible region boundaries. Despite
the fact that three disjoint feasible regions are identified, only
two clusters centers have been selected by the algorithm, which
is a positive result since the mean objective function values
within the third region is very high. The algorithm locates the
true optimum of the problem, after a total number of 134 func-
tion calls.

Quadratic Constrained Function (qcp4). This problem is
again taken from the literature, and it is a quadratic con-
strained problem with three input variables and three con-
straints (Problem 16).65 In this three-dimensional problem, a
total number of 160 samples lead to two global solutions,
one of which is reported in the literature (Table 1) while the
second one has been identified as [2,0,0] which has the same
exact objective of 24. For this example, Figure 6 depicts the
predicted feasible region after the feasibility stage, which is
96% accurate. Two global solutions have been identified dur-
ing the local-search stage, which is performed twice for two
identified clusters, leading to two global minima of objective
function equal to 24. Due to the higher dimensionality of
the problem, figures containing the local-search samples are
not shown for this problem

min f ðxÞ522x11x22x31e

s:t:

x11x21x3241e � 0

3x21x326 � 0

x’A’Ax22y’Ax1kyk2
20:25kb2zk2

1e � 0

xlo 5 0; 0; 0½ �

xup 5 2; 3; 3½ �

e5uniform ð20:01; 0:01Þ

where :

A5 0; 0; 1; 0;21; 0; 22; 1;21½ �; b5 3; 0; 24½ �

y5 1:5; 20:5; 25½ �; z5 0; 21; 26½ �

(16)

Figure 4. (a) Contour of predicted feasible region, initial LHD samples (black), and samples collected during feasi-
bility stage (red), (b) contour of predicted objective, feasible region bounds (black), predicted feasible
points (green), and collected samples during local trust-region framework.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Comparison of Proposed Method with Competitive Solv-
ers. In addition to the above four problems, two additional
problems are solved using the proposed method and three
commercially available solvers cited above. The two addi-
tional problems are taken from the literature and have higher
dimensionality and larger number of constraints (Table 1).
Specifically, problem qcp3 is a quadratic constrained prob-
lem with six input variables and six constraints, whereas
problem g9 has nine input variables and four constraints.

The above problems are provided in Appendix.
Table 2 includes the comparison between the number of

function calls required from the proposed approach and the
competing solvers, whereas Table 3 includes the average

error (%) in the final predicted objective value based on the

number of function calls shown in Table 2. For all of the

results, the reported values are averages over a set of 10 ran-

dom runs of each method. In terms of Nomad and fmincon,

a random initial point is provided for each of the runs,

whereas in the case of the proposed method and Tomlab-

EGO random initial LHD designs are used in each run.
Based on the results reported in Tables 2 and 3, it can be

concluded that the proposed method performs exceptionally

well, when compared to commercially available solvers. In
terms of sampling requirements, the proposed method
requires less number of samples than fmincon and Nomad,
however, in certain cases Tomlab-CGO converges in fewer
function calls. This is an expected result, as the proposed
method aims not only to identify one single optimal solution,
but also approximate the feasible region and possibly iden-
tify multiple solutions. In terms of the quality of solution, it
should be mentioned that Nomad performs consistently well
in the presence of noise in identifying the best solution,
however, this comes at sampling requirement cost. In terms
of quality of solution (Table 3), the proposed method has a
consistent performance in locating the global solutions, and
it outperforms the remaining methods in four out of the six
problems reported here.

Performance on continuous pharmaceutical
manufacturing case study

The proposed method is finally used for the optimization
of a 4-hour operation of a direct compaction flow sheet
model by satisfying all of the constraints of Problem 17.
Specifically, the objective is to minimize the cost of

Figure 5. (a) Contour of predicted feasible region, initial LHD samples (black), and samples collected during feasi-
bility stage (red), (b) contour of predicted objective, feasible region bounds (black), predicted feasible
points (green), and collected samples during local trust-region framework.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Dimensionality, Number of Constraints, and Global Optimum of Test Problems

Function n Number of Constraints fglob xglob

Sasena 2 3 0.7483 [0.2017,0.8332]
New Branin 2 1 2268.7879 [3.273,0.0489]
Constrained Branin 2 1 0.39789 [9.42478,3.14159]

[2.4750,2.275]
qcp3 6 6 2310 [5,1,5,0,5,10]
qcp4 3 3 24 [0.5,0,3]
g9 9 4 680.63 [2.3305,1.95114,20.4775,4.3657,20.62449,1.0381,1.5943]
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operation which includes: operating cost (utilities cost, raw
material cost) and cost of waste (cost of produced tablets
which are off-spec and should be discarded). A more
detailed description of the entire model and its implementa-
tion can be found in Refs. 11,17. The optimization problem
has the following form

min
x

cfeed 1cwaste

s:t:

Ntablets � 1e6

Dislo � Dis � Disup

Clo
API � CAPI � CAPI

RSDlo � RSD � RSDup

d50;j5normal d50;j; sdj


 �
qbulk

j 5normal qbulk
mean ;j; sdqbulk

j

� �
j 2 APAP ;Avicel ;MgStf g

xi 2 xlo
i ; x

up
i

� �
for i51; . . . ; 5

(17)

The computer experiment is based on a Latin Hypercube
design composed initially of 51 samples. The feasible region
is approximated by 60 additional samples, and the black-box
constraints are approximated with a closed-form using a
kriging model. Subsequently, the search for the next sam-
pling location can be limited within the feasible space using
constrained optimization approaches, starting from three
identified cluster centers. This entire procedure is imple-
mented in MATLAB, which communicates with the flow
sheet simulation exchange information. The optimal solution
is identified as a total cost of $203K, which is lower than

the cost reported in previous work. The optimal decision var-
iables for this solution are included in Table 4, where it is
observed that the minimum cost occurs at midrange through-
puts and midrange refilling frequency, as this balances
between the often need for refilling and the magnitude of
perturbation. Specifically, it is observed that at higher
throughputs the discarded product is very high and this
increases the objective function significantly and leads to the
violation of the minimum demand constraint. In addition to
this, the optimal mixing rotation speed is at midrange levels
which agrees with experimental evidence. The tablet com-
paction pressure is directly and solely related to tablet hard-
ness, so its optimal value is solely dependent by the desired
hardness characteristics. The amount of MgSt, is a little bit
higher than the nominal value of 1%, which is also expected
as the Relative Standard Deviation (RSD) correlation to
MgSt imposes the effect of a decrease in RSD with an
increase in MgSt (based on experimental data). Thus, due to
the small amount of MgSt, the cost is not significantly
affected if more amount is included in the formulation, as
long as the product specifications allow for this modification.
Through the optimization of this case study, which would
not be possible without simulation-based DFO methods, it is
realized that feeder refilling strategies and operating condi-
tions are an important aspect of continuous operation of
powder flowing processes which highly affect the total oper-
ating cost.

Conclusions and Future Perspectives

This work introduces a methodology for surrogate-based
optimization of models which (a) lack derivative informa-
tion, (b) have multiple constraints, and (c) provide noisy
input-output data. The main novelty of this work is the
aggregation of the unknown constraint violations into a form
of a black-box feasibility function and the development of a
new search criterion, the feasibility EI criterion for the accu-
rate representation of the feasible space. The case studies
which are presented in this work have been carefully
selected to test the algorithm for both complex objectives
and complex feasible regions. Results of this approach proveTable 2. Average Number of Function Calls of Proposed

Methodology Compared to NOMAD, Tomlab-EGO, and

fmincon

f
Proposed
Method Nomad

Tomlab-
EGO fmincon

Sasena 310 573 300 683
New Branin 189 668 200 890
Constrained Branin 165 543 245 944
qcp3 87 2440 42 1001
qcp4 154 898 200 410
g9 230 1500 144 945

Table 3. Average Error in Best Objective of Proposed Meth-

odology Compared to NOMAD, Tomlab-EGO, and fmincon

f
Proposed
Method Nomad

Tomlab-
EGO fmincon

Sasena 4.1 5.1 3.0 43.3
New Branin 0.3 13.1 3.8 28.1
Constrained Branin 0.5 10.2 2.3 25.4
qcp3 2.0 13.17 407.1 202
qcp4 0.01 0.09 20.1 33.5
g9 4.9 0.2 5.8 900

Figure 6. Predicted feasible region (red points) com-
pared to actual feasibility boundaries (green
surface).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Decision Variables of Optimization Problem,

Bounds, and Optimal Values

Variable
Lower
Bound

Optimal
Value

Upper
Bound

Throughput (kg/h) 10 54 100
MgSt (%) 0.99 1.006 1.01
Refill ratio (%) 20 52 60
Compression force (kPa) 8 8.9 12
Mixing rate (rpm) 40 81 250
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that the additional sampling which is performed specifically
for the initial mapping of the feasible domain, does not
increase the sampling requirements prohibitively, while it
leads to an accurate representation of the feasible region. In
fact, the proposed methodology requires less number of sam-
ples to reach to good solutions, when compared to existing
solvers. In addition, the presence of a good approximation of
the feasible region at the end of the feasibility stage is par-
ticularly useful in cases where the optimum lies on the
boundary of the feasible region. Finally, the combination of
an initial global search for feasibility boundaries and promis-
ing solutions, coupled with clustering and local search is
shown to be a promising approach for locating multiple
global solutions, when these exist.

This work aims to introduce the proposed method, while it
is realized that further work is necessary in order to further
test the capabilities and limits of the method in terms of
noise levels and dimensionality. Moreover, there are several
parameters of the method, such as the nugget parameter in
the presence of noise, the extent of global search vs. local
search or in other words the switching point between global
and local search and several parameters of the trust-region
framework, which are all expected to affect the performance
of the method. Future work will include more detailed test-
ing of the method for different case studies and under differ-
ent noise levels in order to further improve the performance
of the method. Finally, it is realized that the method has
been tested here on relatively small size problems in terms
of dimensionality (maximum 9) and number of constraints
(maximum 6), thus it would be greatly beneficial to test the
limits of this approach when the size of the problem
increases and the number of constraints increase.
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Appendix

The following two examples are used for testing the perform-

ance of the proposed method in the results of this publication

1. qcp3

min f ðxÞ5225 x122ð Þ22 x222ð Þ2

2 x321ð Þ22 x424ð Þ22 x521ð Þ22 x624ð Þ21e

s:t:

2 x323ð Þ22x4141e � 0

2 x523ð Þ22x6141e � 0

x123x2221e � 0

2x11x2221e � 0

x11x2261e � 0

2x12x2121e � 0

xlo 5 5; 1; 5; 0; 5; 10½ �

xup 5 10; 10; 5; 6; 5; 10½ �

2. g1

min f ðxÞ55
X4

i51

xi25
X4

i51

x2
i 2
X13

i55

xi1e

s:t:

2x112x21x101x112101e � 0

2x112x31x101x122101e � 0

2x112x31x101x122101e � 0

28x11x101e � 0

28x21x111e � 0

28x31x131e � 0

22x42x51x101e � 0

22x62x71x111e � 0

22x82x91x121e � 0

xlo 5 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0½ �

xup 5 1; 1; 1; 1; 1; 1; 1; 1; 1; 100; 100; 100; 1½ �
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